Individuals Round 1 (No Calculators) States 2009

3 pts 1. Find the sum of the mean, median and mode for:

3,5,-2,18,6,2,3

Ans.
4pts2. Find x+y+zift: x+y-z=8
x—-y—-2z=0
2x+y+z=12
Ans.
Spts3. If — 3. 1 4 finda+b. Ans.
—2+4+i 1+

Individuals Round 2 (No Calculators) States 2009

3 pts 1. In AABC, C is the complement of /2 B and A + C + 20 = B. Find the degree
measure of angle A.

Ans.

4 pts 2. Find the distance from (3, -1) to the line 3x — 4y = 12 in simplest form.

Ans.

5 pts 3. Find the area in terms of 7 of the ellipse

4x* +y* - 8x—4y=28.
Ans.




Individuals Round 3 (No Calculators) States 2009
3 pts 1. The volume of a rectangular solid A is 20 cm’. If each of the dimensions is

increased by 20% to form rectangular solid B, determine the volume of B. Express your
answer as a decimal.

Ans.

4 pts 2. If 8/2 .4/ =%/p° where a and c are relatively prime integers, and b is a prime
number, find the sum ofa+b + c.

Ans.
5 pts 3. ABCD is a rectangle with AB = 2BC. A B
BE L AC . Find the ratio of the area of
ABEC to the area of quadrilateral ABCD.
E
D C

Ans.

Individuals Round 4 (No Calculators) States 2009
3 pts 1. Each of the sides of a regular hexagon is 6. Find its area.

Ans.

4 pts 2. How many distinguishable rearrangements of the letters of the word gagegele are
possible if all the words begin with the letter “e”?

Ans.

5 pts 3. There are 10 DVD’s in a case. Mike reads the front of the case and realizes that 3
of the DVD’s are ones he likes. If he selects 4 at random, what is the probability that he
gets exactly two of the ones he likes?

Ans.




Individuals Round 5 (No Calculators) States 2009

3 pts 1. Find the values of x, such that %x ; %xz <1.

Ans.

4 pts 2. Quadrilateral ABCD has vertices A(0, 0), B(1, 1), C(3, 1) and (4, 0). Find £ so
that y = x + k divides ABCD into two equal areas.

Ans.

5 pts 3. Find the leading coefficient of a cubic function, with decreasing powers of the
variable, that has zeroes of 'z, 2 and 3, which has a y-intercept of 10.

Ans.

Individuals Round 6 (No Calculators) States 2009

5

3 pts 1. Evaluate Zﬁ Express in the form % in simplest form.
k=3

Ans.

4 pts 2. The first 4 terms of an arithmetic sequence are 2, 5, 8, and 11. Which term is
2427

Ans.

5 pts 3. Let x, y and z be three positive real numbers whose sum is 1(one). If no one of
these numbers is more than twice any other, then find the minimum value for the product
XyZ.

Ans.




Team Round1 (You may use calculators) States 2009

4 pts 1. Find the fractional solution for =6 in simplest form.

2
1—x

Ans.

4 pts 2. Find the range of the function f, if f(x) = 3|x-2|+4.
Ans.

6 pts 3. Find the vertex of the parabola y =2x> + +3x + 5. Give answer as an ordered
pair (X, y) in fraction form.

Ans.

6 pts 4. Find the sum of the solutions of 2x* + 2x+3 -3 =2x.

Ans.

6 pts 5. Find all the angles in radian measure for which 2 sin’x + cos x — 1 =0 and
0<x<2r.
Ans.

8 pts 6. For how many nin {1, 2, 3, ..., 100} is the ten’s digit of n*> odd?

Ans.

8 pts 7. In a geometric series of positive terms, the difference between the fifth and the
fourth term is 576, and the difference between the second and the first term is 9. What is
the sum of the first 5 terms of the series?

Ans.

8pts 8. In AABC, m~2 A =35, AB =18, and BC = 14. Find the sum of all possible
measures of AC . Round your answer to nearest thousandth.

Ans.




Team Round?2 (You may use calculators) States 2009

dpts1l. IfA= [5

3 4
‘; ﬂ andB=|1 2|, find AB. Ans.
5 1

4 pts 2. The sum of all but one of the interior angles of a convex polygon is 2570°. Find
the measure of that angle.

Ans.

6 pts 3. Find the area of the polygon formed by 2|x| + || = 4.

Ans.

6 pts 4. If f(x) = 1;2 and g(x) = +/3x -1, find the domain of g(f(x)).
- X

Ans.

6 pts 5. Find all values of x that would make the following true: ||x —4- 2x| <7.

Ans.

8 pts 6. Iflog.3 =p and log.5 =g, then in terms of p and g find log , 5 with no logs.

Ans.

8 pts 7. 8 one inch diameter right cylindrical holes are drilled down through a cube’s top
face. If the cube is 8 inches high, and the cube is then dipped in paint, what is the area of
the surface covered with paint?

Ans.

8 pts 8. (a, 2a), (2a, a), (3, 3) form the vertices of a triangle which has a perimeter of
442

Find all possible values of a.
Ans.




Seat A Blue Relay States 2009

Find the smallest integer that satisfies [3x—5<x.
Pass back: A® -2A +3 A = Your answer.

Seat B Blue Relay States 2009
The sum of three consecutive even integers is 66. Find the largest of the three.

Passback: B—X -2 B =Youranswer. X =The number you will receive.

Seat C Blue Relay States 2009
The radius of a circle is 4. Find the ratio of the area to the circumference.

Pass back: CX C=Your answer. X = The number you will receive.

Seat D Blue Relay States 2009

Find the largest value of x such that ! - al ; 2_1.
—

Pass back: % D = Your answer. X = The number you will receive.

Seat E Blue Relay States 2009

Let log b =24, log w=.24 and log,w =x. Find x.

Pass back: % E = Your answer. X = The number you will receive.



Seat A Green Relay States 2009

Find the largest integer that satisfies [3x-5|<x.

Pass back: A* -2A +2 A = Your answer.

Seat B Green Relay States 2009
The sum of three consecutive even integers is 66. Find the smallest of these integers.

Pass back: B—X B = Your answer. X = The number you will receive.

Seat C Green Relay States 2009
The radius of a circle is 6. Find the ratio of the area of the circle to its circumference.

Pass back: CX C=Your answer. X = The number you will receive.

Seat D Green Relay States 2009

Find the largest value of x such that 2 5™ al ; )
x —

Pass back: % D =Your answer. X = The number you will receive.

Seat E Green Relay States 2009

LogB =42, logW=.42, log,B=x. Findx.

Pass back: E — 4X E =Your answer. X = The number you will receive.



Seat A Pink Relay States 2009

The sum of two numbers is 35. Their difference is 5. What is their product?

Pass back: % A =Your answer.

Seat B Pink Relay States 2009

Peter is 13 years older than Mary. In 19 years Mary will be 3/4 of Peter’s age. How old
will Peter be in 2 years?

Pass back: % B =Your answer. X = The number you will receive.

Seat C Pink Relay States 2009

From point P the secant segment to a circle is 7 units long. The chord made by the secant
segment is 21 units long. How long is the tangent segment from P to the circle?

Pass back: % C = Your answer. X = The number you will receive.

Seat D Pink Relay States 2009
Find the smallest value of m for whichm’® +3m*> -m—-3 =0.

Pass back: 2X —3D D = Your answer. X = The number you will receive.

Seat E Pink Relay States 2009

Find the largest value for 6, where 90° < 9 < 180°and 2 cos’ 9 -cos 6 -1=0.

Pass back: E — 2X E = Your answer. X = The number you will receive.



Seat A Yellow Relay States 2009

The sum of two numbers is 55. Their difference is 5. What is their product?

Pass back: % A = Your answer.

Seat B Yellow Relay States 2009

Peter is 13 years older than Mary. In 19 years Mary will be 3/4 as old as Peter. How old
will Mary be in 5 years?

Pass back: X +B B = Your answer. X = The number you will receive.

Seat C Yellow Relay States 2009

A tangent segment from point P to a circle is 14 units long. A secant segment to the circle
from P is 7 units long. How long is the chord made by the secant segment?

Pass back: X —4C C=Your answer. X = The number you will receive.

Seat D Yellow Relay States 2009

Find the largest value for m such that m’> +3m*> -m -3 =0.

Pass back: % D =Your answer. X = The number you will receive.

Seat E Yellow Relay States 2009

Find the largest value for 6, where 180° < 6 <360°and 2 cos* 6 -cos 6 -1=0.

Pass back: % E = Your answer. X = The number you will receive.



Solutions — Individuals Round 1 States 2009
1. mean =5, mode = 3, median = 3. Ans. 11

2. 1) x+y—-z=8  Adding (1) and (2): 2x-3z=8. (3)—-(1): x+2z=4.
(2) x—y—2z=0 Mult. The 2" of these by -2: -2x — 4z = -8. Adding this one to the

(3B) 2x+y+z=12 other: -7z=0. Thusz=0. x=4 and y =4. Ans. 8
3 —1+3l+—1+l:—1+3l‘ 1+ :_4+2l-1+3l:_IO_IOlz—l—l':a+bi. Ans. -2
-2+ 1+i -24+i —1+i 1-3i 14+3i 10

Individuals — Round 2
1.(H)A+B+C=180,(2) C=90-"B, (3)A + C+ 20 =B. Subbing (2) into (3):
A+(00-"%-B)+20=Bthus (4) A=1%2B—-110. Subbing (4) and (2) into (1):
1’2B-110)+B + (90 — 2 B) = 180. Thus 2B =200, B=100. C and A =40. Ans. 40

: : : 13-12]
2. Pl 3, -1) into 3x — 4y = ¢, makes 3x — 4y = 13. D1stance=| Ans. 1/5
ugging (3, -1) x —4y x —4y NPT
3. 4x> +y° -8x—4dy=28 D 4x’-2x+ 1)+ (y* -dy+4)=28+4+4=36
(“91) +(V;62)2 _1. Areaisabr =3(6)r = 18x. Ans. 187
Individuals — Round 3
1. New volume is (2L)(CW)(CH) = 2000y = 2104 _216-4:4 3450 Ay 3456
5 5 5 125 25 25-4 100
2. 8%.4% =2%.2% =2% 22" =4¢b*. Thena+b+c=21. Ans. 21

3. Since the three triangles are all similar, and the corresponding hypotenuses of A ABE is
twice as long as that of ABEC, then the area of ABEC is 4 times the area of ABEC. The
area of AADC is the sum of their areas. Ans. 1/10 or 1:10

Individuals — Round 4
1. Each of the 6 triangles that make up the hexagon is equilateral. Each side is 6 and each
altitude of the triangle or apothem of the hexagon is 3+/3. Area='4(3+/3)36. Ans. 543

| .6-5.4.3!
76543 o s 5400 Ans. 420
213! 213!
Gy 3-7-3 3-73 _ 3 3

’ = Ans. —
WL (10-9-8-7)/(4-3-2)  5-3-2-7 10 10



Individuals — Round 5

1. %x- %xz <1Dx’-3x+2>0> (x-2)(x-1)>0. Ans.x <1 orx>2
2. The line y =x + k is parallel to side AB I/o—A\

thus will form a parallelogram. The area of the f st

trapezoid is /2 (1)(4 + 2) = 3. The area of the /

parallelogram is 1'2. Since the height is 1, the base has to
be 1'4. So the y-intercept has to be the same as the x-intercept. Ans. 1% or k=1%

3. f{x)=2x-1)E-2)x-3) =2x* - ... - 6. Since the y-intercept is -6, one would have
to multiply each term of the polynomial by -% to get a constant of 10. Multiplying the
lead coefficient 2 by -% yields -%. Ans. -%
Individuals — Round 6
1. 34,2298 Ans. 2%
5 6 7 105 105
2.242=2+(10-1)32>240=mn-1)3 > 80=n-1. Ans. 81

3. If x is the largest of the three numbers and y is one of the other numbers, then y = 2x
would be the smallest that y could be. The other number would also have to be '2x. Then
x+Vx+Vx=1=2>2x=1,thusx="'%.

111 1 1
The product: — —-— = —. Ans. —
2 4 4 32 32

Team — Round 1

2 2-2x

1. =6 = =6 = =6 2-2x=6-12x. 10x=4. Ans. 2/5
,_ L 1-2x 1-2x
1—x 1—x
2. The smallest value for f(x) is when x = 2, f(x) will be 4. Ans. All Reals > 4
: : b _ B .
3. The x-coordinate of the vertex is at o T The y-coordinate is:
a

2(_£j+ @.(ﬂJ 4523 3,545 Ans. (_ﬁ,ﬁJ
4 4 8 4 8



4, 2x* +2x+3 -3=2x > 2x> + (23 -2)x-3=0.

The sum of the solutions is 2_22J§ =1-.3. Ans. 1-3

5. 2sin’x+cosx—1=0=> 2(1-cos’x) +cosx-1=0=>2cos’x—cosx—1=0=>
(2cosx+1)(cosx—1)=0. cosx=-"%2at 120°and 240°. Cosx=1 at0°. In radian

2 4 2 4
measure from 0< x < 27, these are 0, ?nand ?ﬂ Ans. 0, ?n, ?n

6. 4°=16,6" =36, 14°> =196, 16> = 256. Each number which ends in 4 or 6 will have

an odd ten digit. Students using calculators should see the pattern. Ans. 20
7. The first 5 terms of the geometric series are a, ar, ar’, ar’, and ar*. Ar*-ar’ =576
Thus (1) a(r*- ) = 576. Likewise ar —a = 9. Thus a(r— 1) =9 or (2) a= il
’/'_
Plugging (2) into (1): Ll =) =576 D> 9° =576 D> r’=64 and r=4. In (2), a = 3.
’/'_

The first 5 terms are 3, 12, 48, 192, and 768. Their sum is 1023. Ans. 1023
8. In the figure, let acute £ C,C,B =x, then SilI;x = Sillljs C,
and x =47.51510. Thus m £ AC,B = 132.484895, c, 14
m/ABC, =12.51510 and m ~ ABC, =97.484895. 35° 14
mAABC,: 4 - 4% gusAC, =5.289193. i B

sin35  sin ABC,
In AABC,: =4 - 4% thus AC, =24.2002782. The sum: Ans. 29.489

sin35  sin ABC,

Team — Round 2
3 4
1 [5 -1 2} Lol = [ 15-1+10  20-2+2 } _ [24 20]- Ans. [24 20]
-3 5 4 5 1 -9+54+20 -12+10+4 16 2 16 2

2. 2570/180 = 14 remainder 50. 180 — 50 = 130. Ans. 180 or 180°

3. Ifx=0,theny=4or-4. Ify=0,thenx =2 or-2. Area is '2 the product of the
diagonals since they are perpendicular. Area =2 (8)(4) = 16. Ans. 16

4. g(fx)) = /3(1 ! 2)—1 = \/3 —1(1—2x ) = \/?HZ . The numerator is always (+). The
- X —X —X

denominator is (+) when -1 <x < 1. Ans.-1<allreals<1




5. ||x—4|—2x| <7: Either [x-4-2x|<7 in which case (1)|-x—-4/<7 or [4-x-2x/<7in
which case (2)|4-3x| < 7. Finding critical points: in (1): x—-4=7sox=-11,orx+4=7,

sox=3. In(2):4-3x=7sox=-1,0or3x—4=7s0x=3%. —0 0 o—
Plugging in interval points and checking the original -11 -1 3 3%

Inequality: - 12 = [16+24|<7,n0 -2 > |6+4/<7,n0
0=> [4<7,yes 34 D [4-6%<7,yes 4=> [0-8<7,n0 3> [1-6/<7,yes

Ans. 1<x<3%
6. log,3=p=> %85 = 3 (1)log,3=plog,8. log.5=q D () % =q >
log8 log3
log,,5=qlog,,3 > log, 5 =qp log,,8 =3pq log,,2 = 3pq log,, 10/5 = 3pq(log,, - log,, 5).
Log,,5 =3pq—3pq log,,5 = log,,5(1 + pq) =3pq. Solog,, 5= pq_ Ans. =24
1+3pg 1+3pg

7. Each circle has an area of /4 7. 8 circles taken away from the upper and lower base
areas: Area = 8-8-6 - 16 circles =384 — 4. Each cylinder’s lateral area is 7 (8) = 8.
All 8 will make 647 . Total area: 384 —4x+ 647 =384 +60r. Ans. 384 +
60

8. The distance fro (a, 2a) to (2a, a) is +/(a—2a)’ +(2a—2)*> = a~2. The distance from (3, 3)
to the other two points is the same, thus: 2\/(a—3)2 +(2a-3)° =2+/5a° —18a+18 . Thus:
av2 + 254> —18a+18 =4+/2 > 2/54° -18a+18 = (4 —a)~/2.

4(5a’ -18a+18=2(a> -8a+16) > 20a° -72a+72=2a’ -16a+32 >
18a° -56a+40=0-=>9a° -28a+20=0=> (9a-10)(a—2)=0. Ans. 2 or 10/9

Blue Relay
Seat A Since [3x-5|< x, then critical points are at (1) 3x—5=xor (2) 5-3x=x.

In (1): x=2%. In (2): x=1% . Only values that satisfy are 14 <x<2"2. A=2.

Pass back: A°-2A+3=4-4+3=3,. Ans. A=2 Pass:3

SeatB x+x+2+x+4=66. 2 3x+6=66. x=20. x=4=24.

Passback: B—X -2 =24 -3-2=19. Ans: B=24 Pass: 19

Seat C ™ =197 -3 Ppass: CX = (2)(19) = 38. Ans: C=19 Pass: 38
2mr 8

SeatD X 2_1 35 _(x—1)x-1)=5(x-1)>5-x> +3x—2="5x—5.

x-—1 5
0=x>+2x—-8=(x+4)(x-2). x=-4or2. Pass:%:§=l9. Ans: D=2 Pass: 19



Seat E log w=.24,logb=24 > IIOgZ :% > log,w=.01. Ans:E=.01 Pass: 1900
0og

Green Relay
Seat A From Blue A: A=2. Passback: A’-2A+2=4—-4+2=2 Ans. A=2 Pass: 2

Seat B From Blue B: B=20. Passback: B—X=20-2=18. Ans:B=20 Pass: 18

Seat C 7 =37 _ 3 Ppassback: CX=(3)(18)=54. Ans: 3 Pass: 54
2mr 121

Seat D 22_’“‘3=2 D4-_x-2Dx-3)=4x-2)D4_(x’-5%x—6)=4x—8 D
x_

0=x’-x—-6=(x-3)(x+2),x=3o0r-2. D=3. Passback: %:% = 18.

Ans: D=3 Pass: 18
Seat E Reciprocal of Blue E: E = 100. Pass back: E —4X =100 — 4(18) = 28.
Ans: E=100 Pass: 28

Pink Relay
Seat A ()x+y=352)x-y=5. (1)+(2):2x=40,x=20. y=15. xy=300=A
Pass back: %;% = 50. Ans: A=300 Pass: 50
SeatB . (x+13+19)=x+19 = 3x+39+57=4x+76 = 20=x. Peteris 33. In2
years 35. B=35. Pass back: %:g =350 Ans: B=35 Pass: 350

Seat C 7(28) =tan’ = tan=14. C = 14. Pass back: %:% =25. C=25.

Ans: C=14 Pass: 25
SeatD m’ +3m’ -m-3=0 ?m’m+3)-(m+3)=0 >? @@’ -1)(m+3)=0 =>
(m—1)m + 1)(m + 3) =0. D=-3. Pass back: 2X — 3D = 2(25) — 3(-3) = 59.

Ans: D=-3 Pass:59
SeatE 2cos’0 -cos8-1=0 = (2cos 6 +1)(cosd -1)=0. cos 8 =-1/2 or 1.

6 =120°. E=120. Passback: E—2X=120-118=2 Ans: E=120 Pass: 2
Yellow Relay

Seat A (1)x+y=55 2)x—-y=5. (1)+(2): 2x=60,x =30 and y = 25. xy = 750.

A =750. Pass back: % - % = 75. Ans: A=750 Pass: 75

SeatB . (x+13+19)=x+19 = 3x+39+57=4x+76 = 20=x,Mary’s age. In 5
years she will be 25. B =25. Pass back: X+ B=75+25=100. Ans: B=25 Pass: 100



Seat C From pink C: C=21. Pass back: X—-4C =100—-84=16. Ans: C=21 Pass: 16

Seat D From Pink D: D =1. Pass back:iz 6 _ Ans: D=1 Pass:8
D+1 1+1

Seat E From Pink E: E = 240. Pass back: % -2 Ans: E=240 Pass: 30



Answer Sheet — States 2009

Individuals Round 1
1. 11
2. 8

3. -2

Individuals Round 2

1. 40 or 40°
2. 1/50r.2
3. 18x

Individuals Round 3
1. 34.56 or 34.560

2. 21
3. 1:10 or 1/10 or 1 to 10

Individuals Round 4
1. 543 or 54/3 units?

or 54 3 u’

2. 420
3. 3/10 or 3 out of 10
or .3 or 30%

Individuals Round 5
1. x<lorx>2

or (-0,1) U (2, o)
2. =322 or-1%or-1.5
3. -10/30r-34%

Individuals Round 6

1. 208/105

2. 81 or 81* or term 81
3. 1/32 or 0.03125

Team Round 1

1.
2.

3.

bl A A

2/5
All Reals > 4 [4, )

52
1-43 -7321

0,25 ,3% 0, 2.0944, 4.1888
20

1023
29.489

Team Round 2

1 [24 20]
16 2

B W

N

. 130 or 130°

16

. =1 < all reals <1
-1 <x<3y%

3pq
1+3pg

. 384 +60r 572.4956

. 10/9 1.1111 11/9



Seat A
Seat B
Seat C
Seat D
Seat E

Blue Relay
Ans Pass
2 3
24 19
2 2:1 38
2 19

.011/100 1900

Green Relay

Ans Pass
2 2
20 18
331 54
3 18
100 28

Pink Relay

Ans Pass
300 50
35 350
14 25
-3 59
120 2

Yellow Relay

Ans Pass
750 75
25 100
21 16
1 8
240 30



